The most general quadratic lagrangian describing spin 2 particles in flat spacetime and containing operators of dimension up to 6 is carefully analyzed, determining the precise conditions for it to be invariant under linearized (transverse) diffeomorphisms, linearized Weyl rescalings, and conformal transformations.
Introduction
It is only recently that the precise relationship between scale invariance, conformal invariance and Weyl invariance has been clarified (cf. [1] for some basic references). This includes the precise conditions for scale invariant theories to become conformal invariant and also the existence of the so-called a-theorem for renormalizable theories (cf. [2] ). Most of the work done so far has been in flat spacetime, where the gravitational field is absent, or at most, non-dynamic.
When such a gravitational field is present [3] there are two possible generalizations of scale invariance. The most direct of those is the algebra of conformal Killing vector fields (CKV), that is, those that obey £pξqg µν " φpxqg µν (1) the fact that £prξ, ηsq " £pξq£pηq´£pηq£pξq (2) implies that the set of all CKV generate an algebra, which for Minkowski spacetime is the conformal algebra, SOp2, nq. In fact [4] , the maximal possible dimension of the conformal algebra is precisely
which is attained by conformally flat spacetimes (the ones with vanishing Weyl tensor [5] ). Unfortunately, however, this property is not generic; that is, an arbitrary metric does not support any CKV, and the corresponding algebra has to be studied for each particular spacetime by itself. The next most natural symmetry to study is Weyl invariance, the invariance of the action under local rescalings of the metric tensor.
g µν pxq Ñ Ω 2 pxq g µν pxq (4) this invariance, besides, can still be studied in the linear limit, when the gravitational field manifests itself as a perturbation of the Minkowski metric.
g µν pxq " η µν`κ h µν pxq
Weyl symmetry in this approximation is just δh µν " wpxqη µν (6) In order for a flat spacetime theory to be scale invariant, the (Rosenfeld) energymomentum tensor must be a total derivative
where V µ is the virial current [6, 7, 8] . This is enough to guarantee the existence of a conserved scale current j µ " x λ T µ λ´V µ (8) in the particular case when the virial current is itself a divergence, that is, when
then the theory is conformally invariant under the group Op2, nq, and the conserved current reads
which also implies that the energy-momentum tensor can be improved.
In the present paper we want to clarify the precise relationship between Weyl invariant theories (WIFT) and conformal invariant theories (CFT) for theories where the gravitational field is dynamic, but still approachable as a fluctuation of flat spacetime.
Our plan is to do it systematically, determining the conditions for scale invariance (which is still meaningful in flat space), conformal invariance and Weyl invariance.
We analyze first the most general lagrangian containing dimension 4 operators, and then we do the same analysis for dimension 6 operators, with some caveats that will be explained in the main text. The analysis is, in some sense, the continuation of the one in [9, 10] . Recent works regarding conformal invariance and Weyl invariance include [11, 12] . We are always (with the only exception of our discussion of the improvement of the energy-momentum tensor) refering to spacetime integrals, so that we allow for integration by parts, in other words, when we claim that an expression vanishes, we mean up to total derivatives.
Symmetries of the low energy spin action
Let us revisit the possible symmetries of low dimension kinetic operators in spin 2 theories [9] in flat spacetime where the graviton is represented by a symmetric tensor h µν . Lorentz invariance will be assumed throughout the paper. If we want the field equations to be given by differential operators of (at least) second order, then the lagrangian has got to incorporate at least two derivatives. Let us begin our study with the operators of lowest possible dimension
Dimension 4 operators
Our building blocks are the gravitational field, h αβ (assumed to be of mass dimension 1) and the spacetime derivatives, B µ . There are four different dimension four operators with two derivatives
and two possible mass terms
We can also construct three quartic couplings without derivatives
Then, the most general action principle involving dimension 4 operators only reads
First, we are going to consider invariance under linearized diffeomorphisms, LDiff gauge symmetry. This is the one implemented in the pioneering work by Fierz-Pauli
The variation of the D terms (upon integration by parts) yields
so that LDiff imposes some relations among the coupling constants
this is, α i " 1 @i.
The second case we are analyzing is the invariance under transverse linearized diffeomorphisms LTDiff, that is, diffeomorphisms such that their generators obey
These conditions impose
but allow for arbitrary values of α 3 and α 4 as well as of m 2 . In third place, under linearized Weyl transformations LWeyl, the variation of the metric reads δh αβ " ωpxqη αβ (20) and after integration by parts,
The invariance under LWeyl puts further constraints on the coupling constants, namely
In [9] we have dubbed WTDiff to the theory with TDiff invariance enhanced with linearized Weyl symmetry, LWeyl. This is the particular case of the above, corresponding to α 1 " α 2 " 1 and
The actions which fullfill these requirements are the ones explained in the appendix (91) namely actions proportional to
Finally, we could consider only traceless graviton fields, h αβ such that h " η αβ h αβ " 0. Obviously, in this case, D 3 " D 4 " 0, and for consistency, we can only implement TDiff with the coupling constants fixed to
Scale and conformal invariance
The most general lagrangian we are considering (without the mass terms) is obviously scale invariant under
with the assigned scaling dimensions. In order to make a full analysis of the scale and conformal invariance of the theory we have to compute the energy momentum tensor of this theories. In this case, the metric (or Rosenfeld's) energy momentum tensor has the form
whose trace reads
It is remarkable that, off-shell, conformality is only attained in a spacetime of n " 6 dimensions. The equations of motion (EM) read
Nevertheless, as explained in the introduction, scale invariance implies that the trace of the energy momentum tensor can be written, on-shell, as a total derivative, that is, as the divergence of the virial (7). Now there is a somewhat subtle point. Whereas two lagrangians that differ by a total derivative still generate the same EM, the specific form of the virial does depend on the particular form of the lagrangian. This, in turn, also determines whether the virial itself can be written as a total derivative. A little bit of fumbling around leads to the action
The trace of the energy momentum tensor can be rewritten as
so that on-shell, we can express the trace as T " B µ V µ (a necessary condition for scale invariance) , where
It is also well-known that a conformal current can be formally constructed in case the virial can be expressed as V µ " B ν σ µν . In our case
In that way we get such a tensor (on-shell), for any value of the coupling constants 1 . Once a particular form of an σ µν is found, there is a systemaytic way of improving the energy-momentum tensor [6] . The improvement consists on adding another piece to the initial energy momentum tensor, so that the trace of the new energy-momentum tensor is precisely cero, that is, we avoid the total derivative terms. The piece in [6] has the form
where X λρµν is symmetric pµ, νq, and divergenceless. The precise for of the improvement reads
where σ µν stands for the symmetric part of σ µν . The original analysis was specific for n " 4 dimensions
as in [6] B µ B ν σ µν "´T in n " 4. In order to generalize the construction to arbitrary dimension n it is enough to write down the most general tensor with the adequate symmetries in order for it to be automatically conserved,
where A and B arbitrary. The contribution to the trace is given by
1 We insist that this result (because this tensor is after all a total derivative) depends on the boundary terms that are neglected in order to write down the original lagrangian. The monomials have to be written down as indicated; to be specific, in order to split D 2 in the two pieces, there is an integration by partś
(34) so we have two total derivatives appearing in order to interchange the two derivatives. Although this does not contribute to the equations of motion, it does contribute to the virial, L " L
. If we take this contributions into account one of the total derivatives cancels one of the pieces of the virial proportional to α 2 and the other one is summed with the other piece. We end up with
and we could not write this as the derivative of a two-index tensor.
Given the fact that the first term is proportional to T , an improvement can always be achieved provided we succeed in eliminating term with lσ ὰ α . The first possibility is to take
so that we get
as T " B µ B ν σ µν by definition. In this case, we find an improvement for any dimension n.
There could be another possibility to avoid the problematic term. If we take our energy momentum tensor 2 and expand the term with lσ ὰ α , the total trace reads
where we have taken A "´1 pn´2q and cancelled the trace T with the first part of the improvement. This term will vanish if the coupling constant are related as
Nonetheless, these relations cannot be satisfied by LDiff, LTDiff or LWeyl invariant theories.
Imposing the conditions for LDiff,
We see that the pole at n " 2 vanishes but the term in question fails to vanish in general dimension n.
We conclude that it is possible to improve in general dimension n, and we find that the improvement is unique. Other possibilities for improvement are not of any avail since we lose the relevant symmetries of the theory. As has been already indicated, in n " 6 dimensions, the trace of the energy-momentum tensor vanishes even off-shell.
Interaction terms
There are two dimension 3 and 4 operators that represent cubic and quartic interactions. They are best represented in terms of traces of the matrix H " h µν (we continue to represent h " tr H).
The interaction lagrangian is then written as the sum of all the possible operators
Under LDiff the variations of the different terms yield
where we can use the relation
On the other hand, under LWeyl we have
It is clear that no finite polynomial can be Weyl invariant. Working the general relation
it is plain that no analytic function of H can be invariant either.
Dimension 6 operators
In this section, we want to study the dimension 6 operators, and among these, there are various possibilities. First we take operators with four derivatives and two h αβ . After integration by parts, those are
There is a small caveat here. There are also many operators with two derivatives and four h αβ . In this case partial integration is much more complicated and we are not going to analyze them in detail. It is the case that these operators do not appear as a limit of quadratic Diff or TDiff invariant theories; they can only appear as higher order contributions to lagrangians linear in the curvature. Let us consider the general theory involving dimension 6 operators which can come from quadratic theories of gravity, namely
Like in the previous section, we first study the LDiff symmetry, upon which the O transform as
after having integrated by parts. Then the symmetry under LDif f imposes the following relations between the coupling constants
These still allow for arbitrary values of g 1 and g 2 , and
In the second place we consider invariance under LTDiff, which imposes
Finally for LWeyl symmetry, the variations read
so that the action is invariant under such tranformations whenever
Now it is interesting to combine LDiff and LWeyl. In the case of dimension 4 operators, actions which are invariant under both symmetries do not exist. For dimension 6 operators, we can have LWDiff invariant theories as long as the coupling constants are constrained to have the following relations
These actions with LWDiff invariance are obtained as the weak field limit of the following quadratic theories
Note that the term ? g is immaterial at the order we are working. The weak field expansion of the quadratic invariants is worked out in the Appendix A. For any spacetime dimension n, these theories can be rewritten as
where E 4 is the four-dimensional Euler density
and W n is the square of the n-dimensional Weyl tensor
The actions which are precisely proportional to the Weyl squared tensor are the ones with g 2 " α 2pn´3q pn´1qpn´2q
. Nevertheless, at the linear level, the Euler density does not contribute (as it is a total derivative and we are ignoring total derivatives), so that all the solutions will effectively correspond to actions proportional to W n . Also quite interesting are those actions that are LWTDiff invariant; that is LWeyl invariant, but LDiff invariant under transverse diffeomorphisms only. They are characterized by
The most general quadratic WTDiff invariant lagrangian is the one obtained by Weyl transforming the metric in the quadratic action withg µν " g´1 {n g µν (this transformation ensures TDiff and automatically introduces a Weyl invariance). The expansion around flat spacetime reads
The weak field limit of these theories automatically satisfy the constraints needed for LWTDiff (66). The precise form of these theories after the Weyl transformation is shown in the Appendix (101).
Scale and conformal invariance
Scale invariance is now lost with the assingment given to h µν (conformal weight one). If we have a theory incorporating dimension 6 operators only, it is possible to recover scale invariance, just by making the graviton inert (conformal weight 0). It is plain that this does not hold when we have both dimension 4 and dimension 6 operators in the theory. On the other hand, the conformal invariance demands as usual, tracelessness of the (metric, or Rosenfeld) energy-momentum tensor. In this case, the energy-momentum tensor takes the form
and the trace reads T "´4´n 2¯L (69) which identically vanishes in n " 8 dimensions, without using the equations of motion. Those read
and they imply that on-shell the lagrangian indeed vanishes, L " 0 (up to total derivatives).
In order to study the virial in detail, let us start from the specific form of the lagrangian
Now it is a simple matter to show that on-shell, L " B µ B ν σ µν with
This result is somewhat puzzling, because we have already indicated that this theory is not even scale invariant with the standard assignment of conformal weight for the graviton field (namely 1). The result is however logical if we remember that the low energy of the Weyl squared lagrangian is of this form. The theory containing both dimension 4 as well as dimension 6 operators, should not be conformal however. This fact can be easily understood from a simpler example, namely a scalar lagrangian, where all complications of indices can be avoided.
Consider then the lagrangian
which is equivalent to (up to total derivatives)
This is our starting point. The EM read
and the energy-momentum tensor
The trace of the above reads
Note that this is not proportional to the total lagrangian, because the trace counts the number of derivatives. We can rewrite the trace as
which fails to be a total derivative when both α and β are nonvanishing, because
Note that this is true even if there are WTDiff (that is TDiff and Weyl invariant) theories linear as well as quadratic in the Riemann tensor. The weak field limit of those Weyl invariant theories fails to be conformal invariant.
Non-local extensions
There is a permanent temptation to avoid the Källen-Lehman spectral theorem (which states that the price to pay for having propagators that fall off at euclidean infinity faster than k´2 is to have negative norm states) by considering non-local theories. For example in [14, 15] a non-local generalization of the dimension 4 operators has been considered, namely
so that the general lagrangian of this type will be
(where c i pzq are analytic functions with dimensionless argument). The five functions c i pzq, i " 1 . . . 5 (which are assumed to include the corresponding coupling constants) characterize the theory. The constants put in front are such that the LDiff Fierz-Pauli theory corresponds to
The correspondence with the dimension 6 operators in (53) is as follows
i.e.
2 c 1 pzq and g 5 " 4M 2 c 4 pzq, in such a way that the conditions for LDiff invariance now translate into c 2 pzq´c 3 pzq`c 5 pzq " 0 4c 4 pzq´c 3 pzq " 0 c 2 pzq´4c 1 pzq " 0
It is claimed in [14] that the theory is ghost-free provided that
and the function c 1 pzq is chosen as an entire function, such as
Note that both constraints, (84) and (85) are different and incompatible. It is well-known, however, that non-local theories suffer from unitarity and causality problems, some of those can be sometimes hidden uunder the rug of experimental precision of the measurements [16] . However, in order to do that, the theory needs to be quasi-local, which means that the corresponding function has got to have bounded support, which seems to contradict other conditions. It is not clear at all that a consistent solution exists.
Oustanding problems in this respect according to [17] are first and foremost, the fact that the presence of the exponential damping factor in the propagator prevents analytic continuation from the riemannian theory to the lorentzian one, owing to the essential singularities in the complex energy plane. It must be stressed, however that such an analytic continuation is problematic in any theory involving the gravitational field. Another argument is that none of the theories proposed so far complies with reflexion-positivity, which is believed to be an essential requirement in order to get a consistent quantum field theory
Conclusions
In this paper we have presented a quite complete analysis of spin 2 dimension 4 and dimension 6 operators after expanding the metric around flat spacetime, analyzing with some care the conditions for the theory to be (transverse) diffeomorphism invariant, scale invariant, conformal invariant and Weyl invariant. We have also identified the non-linear completion of those lagrangians.
There are only two caveats. First of all, we have neglected total derivatives (this is the reason why the Euler density vanishes in our approximation). The second is that we have not analyzed in detail dimension 6 operators with two derivatives only. The reason is that those can only appear as higher corrections of lagrangians linear in curvature; they never appear in the expansion of lagrangians quadratic in curvature.
Conformality off-shell is related essentially by the number of contracted indices in the defining operators, that is, it is totally fixed by the dimension of the spacetime without imposing any constraints on the coupling constants. This is the reason why in order to get vanishing off-shell traces of the energy-momentum tensor of dimension 4 and dimension 6 operators, n " 6 and n " 8 are selected respectively. On shell the trace is a total derivative though, and besides the virial current for specific lagrangians is also the derivative of a two-index tensor, leading to improved forms of the corresponding energy-momentum tensors.
On the other hand, Weyl invariance does impose constraints on the coupling constants, and in particular, those relations between the coupling constants also depend on the dimension of the spacetime. Our main conclusion is that Weyl invariance and conformal invariance are independent symmetries: not every Weyl invariant theory is conformnal invariant in the weak field limit and conversely, not every conformal invariant theory is Weyl invariant. Our analysis is concerned almost exclusively with free theories. It is likely that some of our conclusions on conformality could not be extended to the interacting case. We can say nothing in particular on the existence of an interacting non trivial conformal field theory of spin 2 in flat spacetime.
To end up, let us stress that the conditions that are argued to be neccessary for a ghost free non-local theory are not compatible with the ones stemming from diffeomorphism invariance.
A Weak-field limit of geometric scalars
We are interested in the expansion of the geometric invariants when we expand the metric around Minkowski spacetime g µν " η µν`κ h µν (87)
If we take the limit of linear theories of gravity up to quadratic order in the fluctuations we have 
These are the most general theories that possess LWTDiff.
